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Fig. 1 System description.

Conclusions
In the vicinity of the wall surface, mixing between the cool-

ant and the primary � uid was unimportant, and the coolant
layer produced effective � lm cooling in the region of shock
wave/� lm cooling interaction. Viscous effects on momentum
transfer were small in the region of interaction. Based on this
result, a � ow structure model was constructed to simulate the
pressure distribution. It was possible to predict the separation
of the � lm coolant using the calculated pressure distribution
and a formula for a subsonic, turbulent boundary layer.
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Introduction

V IEW factor results for various geometries appear fre-
quently in the literature and can be calculated by several

methods.1,2 The speed, accuracy, and unique characteristics of
several different numerical methods are compared in Ref. 3.
Sanchez and Smith4 proposed that view factors be calculated
by using the discrete-ordinates method (DOM). The DOM is
applied to compute view factors for an in� nite rectangular ge-
ometry enclosing a transparent medium.5 Ehlert and Smith6

apply the DOM to compute the radiant exchange for a three-
dimensional rectangular enclosure. A quadrature set based on
equal weights and satisfying odd moments was used for the
results. Byun7 computed view factors for a rectangular box
using the DOM. The weights and directions are based on the
spatial divisions on the boundary surfaces.

The purpose of this study is to compute view factors for a
rectangular box enclosing a transparent medium by using the
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direct DOM (DSN). The word direct is used to imply that the
weights and directions are derived using spherical coordinates.
A protrusion may exist in the black wall enclosure.

Analysis
The system under study is shown in Fig. 1 with the coor-

dinate system. It is assumed that the heat transfer occurs only
by thermal radiation. The length, width, and height of the en-
closure are L, W, and H, respectively. The protrusion length is
denoted as L1, the width as W1, and the height as H1. The
rectangular box-type control volumes are generated by divid-
ing the length, width, and height of the system by nj, ni, and
nk, respectively. Subscripts T, B, N, S, E, and W refer to the
top, bottom, north, south, east, and west surfaces, respectively.
A positive superscript (1) is assigned for the intensity leaving
the control volume, whereas a negative superscript (2) for
entering the control volume.

The radiative transport equation1,2 for an arbitrary ith direc-
tion is discretized by using the intensity at point P and the
intensities at the west and south boundaries. This results in

2 2 2m I 1 h I 1 j Ii iW i iS i iB1I = (1)iP
m 1 h 1 ji i i

when the control volume shape is a cube. I is the intensity,
and m i, h i, and j i are x-, y-, and z-direction cosines, respec-
tively. By employing the same procedure used for deriving Eq.
(1), the other intensity expressions can be derived.

If the radiative � ux at the east surface is expanded in a
Taylor series about the radiative � ux at point P, then

­q DxiP 2q = q 1 1 2(Dx ) (2)iE iP
­x 2

After discretizing the differential terms in Eq. (2) by qE and
qw, and substituting the radiative � ux expressions that are the
product of intensity and direction cosines, the result is

1 2I 2 IiE iW1 1 1 2I = I 1 = 2I 2 I (3)iE iP iP iW
2

The intensity expressions at the N, S, W, T, and B can be
obtained using a similar procedure as described for Eq. (3).
Equation (3) is the same as the intensity relations in Refs. 6
and 7 if a value of 0.5 is used for the � nite difference weight-
ing factor. The positive intensities at control volume P become
the negative intensities at adjacent control volumes.

For black boundary walls, the radiative intensity of the ith
direction is

4sT i,wall1I = wall = N, S, E, W, T, B (4)i,wall
p

where s is the Stefan– Boltzmann constant, and T is the ab-
solute temperature.
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Table 2 View factor FB2T for rectangular enclosure by DSN

n

(L, W , H )

(2, 1, 1) (4, 1, 1) (10, 1, 1) (2, 2, 1) (3, 3, 1) (3.5, 3.5, 1) (3, 2, 1)

32 0.28568 0.34578 0.38619 0.41524 0.54737 0.59396 0.47556
48 0.28583 0.34590 —— 0.41524 —— —— ——
Exact 0.28588 0.34596 0.38638 0.41525 0.54738 0.59399 0.47558

Table 1 Effects of n and N on view factor FB2T

n

N

8 16 32 64

a) No protrusion case (0.19982, Ref. 6)

16 0.20314 0.19894 0.19875 0.19866
32 0.20224 0.20064 0.19961 0.19955
64 0.20276 0.20012 0.19998 0.19978

b) With protrusion case (0.1750)

16 (Ref. 7) 0.1695 0.1702 0.1707 ——
0.1753 0.1712 0.1709 0.1708

32 (Ref. 7) 0.1700 0.1713 0.1718 ——
0.1744 0.1729 0.1719 0.1718

64 0.1761 0.1739 0.1736 0.1735

The radiative � uxes at each boundary surface qwall are as
follows:

4M

1 2q = c v (I 2 I ) wall = E, W, N, S, T, B (5)wall i i i iO
i=1

where v i is the weighting factor for the ith direction and M is
the number of directions per octant: ci = m i for E, W, wall, ci

= h i for N, S wall, and ci = j i for T, B wall.

Discrete-Ordinates Parameters
The surface of a sphere of radius one in the � rst octant is

uniformly divided by Nf and Nu, where f is the angle in the
x– y plane measured from the x axis, and u is the angle mea-
sured from the x– y plane. There are M segments on the unit
sphere in one octant, where M = Nu Nf. The discrete-ordinates
directions are de� ned at the center of each segment:

m = cos u cos f , h = cos u sin f , j = sin u (6)ij i j ij i j ij i

Subscripts i and j are used for segment center indices.
Because all of the surfaces are diffuse, the discrete-ordinates

weights are de� ned in terms of the solid angles of each seg-
ment:

v = cos u DuDf (7)ij i

The right-hand side of Eq. (7) is independent of angle f be-
cause of the uniform division. As Nu and Nf go to in� nity, the
sum of the weights in an octant converge to p/2. Also, the
sum of the product of ith direction weight and m i, h i, and ji

in an octant converge to p/4.
The numerical solution procedure is the same as that used

for the standard discrete-ordinates solutions procedure.6,7 To
� nd the view factor from a source surface to a target surface,
the source surface is assigned an emissive power of 1, and all
other surfaces have zero emissive power. The radiative � ux at
a surface is the view factor from the source surface to that
surface.4 The view factors from the source surface to all sur-
faces in the enclosure are obtained simultaneously.

Results and Discussion
The method described in the analysis is applied to two ex-

amples. For the � rst example, view factors for a cube without

and with a protrusion are computed. The protrusion is located
in a cubical enclosure and H1/H = L1/L = W1/W = 0.5. The
view factor from the bottom surface to the top surface, FB2 T,
is tabulated in Table 1 by varying the spatial division n and
angular division in one octant, N = Nu = Nf. The length, width,
and heights are each divided by n. The results without and
with a protrusion are in Tables 1a and 1b, respectively. For
both cases, the symmetry conditions, enclosure relation,1,2 and
the reciprocity relations1,2 are examined and con� rmed.

The results for no protrusion show the following tendency.
For n $ 16 and N $ 16, the relative error with respect to the
exact value is less than 61%. At a � xed spatial division, in-
creasing N up to n shows the tendency of improving the ac-
curacy. Further increasing N beyond n does not improve the
accuracy. The absolute error for n = N = 32 is approximately
0.0002, and for n = N = 64 it is approximately 0.00005. Thus,
by doubling the spatial divisions, the errors are reduced by a
factor of 1/4. To � ve signi� cant digits, the exact value of FB2 T

is 0.19982 (Ref. 6).
The tendencies for the results with a protrusion are as fol-

lows. The values of the view factors by DSN converge to the
accurate values as n and N increase. The results indicate that
more spatial and angular divisions are needed to improve the
accuracy of the results when a protrusion exists. For n $ 64,
the error compared to the exact value is less than 61% for
any N. To four signi� cant digits, the exact value of FB2 T is
0.1750 6 0.0001. The view factor relations in Refs. 1 and 2
cannot be applied to this case because of the shading and spe-
cial care needed to compute the view factors accurately from
the integral expressions.

The computations were done on a personal computer with
a 80686-166 MHz processor and 32 Mb RAM. The program
was compiled using a 32-bit Fortran compiler. About 20 s of
computing time is required for the n = N = 16 results and
about 5.3 h of computing times are required for n = N = 64
results.

For the second example, view factors for rectangular boxes
with different aspect ratios are computed using the DSN

method; there is no protrusion. The exact values are computed
from Ref. 6. The dimension of L, W, and H are shown in Table
2. The number of spatial divisions for H is n, the spatial di-
vision for L is n 3 (L /H ), and the spatial division for W is n
3 (W/H ). The angular division used for the results is N = n.
Good agreements with the exact values are observed in Table
2. The absolute errors for the long square duct cases are ap-
proximately 0.0002 for (L /H ) values from 1 to 10.

Conclusions
The purpose of this study is to compute the view factors for

a three-dimensional rectangular box enclosing a transparent
media by using the DSN method. The discrete-ordinates
weights and directions are derived by spherical coordinates.
One of the advantages of the DSN method is that the weights
and directions can be easily generated and implemented. From
the example cases, it is concluded that view factors for the
system without protrusion can be accurately obtained by using
the DSN method. For the system with a protrusion, more re-
� nement of spatial and angular divisions than used in this
study are needed to improve the accuracy. The results indicate
that the accuracy depends not only on the spatial division, but
also on the angular divisions. For a given spatial division n,
signi� cant improvement in the accuracy is found by increasing


